Introduction
The interaction of dislocations with elastic inhomogeneities is an important topic in studying the strengthening and hardening mechanisms of materials. To simplify the analysis, most of the researchers assumed that the inhomoneneity is of circular shape ͑see, for example, ͓1,2͔͒, is of elliptical shape ͑see ͓3-5͔ for details͒, or the inhomogeneity is rigid ͑or a cavity͒ with its shear modulus infinite ͑or zero͒ ͑see, for example, ͓6,7͔͒.
Despite extensive study of inclusions with simple shapes, little effort has been devoted to inclusions of arbitrary shape. For example, Tsukrov and Novak ͓8͔ used a computational procedure to calculate the contribution of arbitrary shaped inclusions to the effective moduli of two-dimensional elastic solids. In ͓9,10͔, Ru developed a method for evaluating the stress fields of an arbitrary shaped inclusion embedded in full and half planes of isotropic and anisotropic elasticity, respectively. The key limitation of Ru's method is based on the assumption that elastic mismatch between dissimilar materials is negligible. Recently, the Faber series method ͓11͔ has been employed to study the problem of an arbitrary shaped inclusion perfectly bonded to the surrounding matrix. In particular, Gao and Noda ͓12͔ use the Faber series method to investigate the anti-plane problem of an arbitrary shaped piezoelectric inclusion embedded in an infinite piezoelectric medium.
The focus of the current paper is to investigate, in detail, the interaction problem of a screw dislocation with an arbitrary shaped elastic inhomogeneity. The main feature of this work is that the material properties of the inclusion and the surrounding matrix are different. The solution, in series form, is obtained by means of complex variable methods and Faber series expansion. A rigid inclusion or a cavity can be treated as a special case by letting the shear modulus of the inhomogeneity become infinite or zero, respectively. Once the solution is obtained, the stress fields in the inhomogeneity and in the matrix can be derived. In addition, the image force on the screw dislocation due to its interaction with the elastic inhomogeneity is also derived. In fact, we calculate the image force on the screw dislocation interacting with ͑1͒ an equilateral triangular inhomogeneity, ͑2͒ a square inhomogeneity, and ͑3͒ a five-pointed star-shaped inhomogeneity. It is found that the stiffness of the inhomogeneity has a significant influence on the nature of the image force ͑either attractive or repulsive͒ and also on the magnitude of the image force.
Basic Formulations
As shown in Fig. 1 , we consider a domain in R 2 , infinite in extent, containing an arbitrary shaped elastic inhomogeneity with elastic properties different from those of the surrounding matrix. The linearly elastic materials occupying the inhomogeneity and matrix are assumed to be homogeneous and isotropic with shear moduli 1 and 2 , respectively. We represent the matrix by the domain S 2 and assume that the inhomogeneity occupies the region S 1 . The interface L separating the inhomogeneity and the surrounding matrix is assumed to be perfect ͑i.e., both the displacement and traction vectors are continuous across L͒. In addition, a screw dislocation with Burgers vector b is located at the point z = z 0 in the matrix.
For the anti-plane problem discussed in this paper, the displacement u 3 , the stresses 31 , 32 , and resultant the force R 3 along any arc can be expressed in terms of a single analytic function f͑z͒ as u 3 = Im͕f͑z͖͒, 32 + i 31 = fЈ͑z͒, ͑1͒
We consider the following conformal mapping function
͑2͒
which maps the region occupied by the matrix to ͉͉ Ͼ 1 in the mapped plane. Let the analytic functions in the inhomogeneity and the matrix be denoted by f 1 ͑z͒ and f 2 ͑z͒, respectively. For convenience, we write f i ͑z͒ = f i ͑m͑͒͒ = f i ͑͒.
Contributed by the Applied Mechanics Division of ASME for publication in the JOURNAL OF APPLIED MECHANICS. Manuscript received January 27, 2005; final manuscript received May 17, 2005. Review conducted by Z. Sou. Discussion on the paper should be addressed to the Editor, Prof. Robert M. McMeeking, Journal of Applied Mechanics, Department of Mechanical and Environmental Engineering, University of California-Santa Barbara, Santa Barbara, CA 93106-5070, and will be accepted until four months after final publication in the paper itself in the ASME JOURNAL OF APPLIED MECHANICS.
3 Determination of f 1 "z… and f 2 "… The analytic function f 1 ͑z͒, defined within the inhomogeneity, can be expanded as a Faber series and expressed as follows:
where a n ͑n =1,2,3,¯, +ϱ͒ are unknown complex constants to be determined, and P k ͑z͒ is the kth degree Faber polynomial which can be explicitly expressed as
where the coefficients ␤ k,n are determined by the following recurrence relations ͓12͔
Hence, f 1 ͑͒ can be expressed as follows:
The continuity condition of displacement and traction across the interface ͉͉ = 1 can be expressed as
where ⌫ = 1 / 2 . Inserting ͑6͒ into ͑7͒ yields the following:
Applying Liouville's theorem, we obtain two expressions for
In view of the fact that the two expressions for f 2 ͑͒ must be compatible with each other, then we arrive at the following set of algebraic equations:
͑10͒
Truncating the above infinite system of linear algebraic equations at a sufficiently large integer N, we obtain
where A = ͑⌫ + 1͒diag͓1 1¯1͔, ͑12a͒ 
The above set of algebraic equations can be resolved to give
͑13͒
Remark: The two analytic functions f 1 ͑z͒ and f 2 ͑͒ have now been uniquely determined.
Stress Field
Once the analytic function f 1 ͑z͒ for the inhomogeneity is obtained, the stress field within the arbitrary shaped inhomogeneity can be expressed as 32 + i 31 = 1͚ n=1 +ϱ a n P n Ј͑z͒.
͑14͒
Particularly, the stresses within the inhomogeneity are distributed along the interface L as follows:
͑15͒
Similarly, once the analytic function f 2 ͑͒ for the matrix is obtained, the stresses in the matrix are calculated to be
Image Force on the Screw Dislocation
The image force acting on the screw dislocation due to its interaction with the arbitrary shaped elastic inhomogeneity is derived and takes the following form:
where F x and F y are respectively the x and y components of the material force. Fig. 3 The normalized image force on a screw dislocation located on the positive x axis interacting with the equilateral triangular inhomogeneity Fig. 4 The square described by Eq. "20… 6 Examples 6.1 An Equilateral Triangular Inhomogeneity. First, let us consider a screw dislocation interacting with an equilateral triangular inhomogeneity. The specific conformal mapping function is taken to be the following ͑see, for example, ͓13,14͔͒:
In this paper, the above mapping function is truncated at k = 50 and we take N = 150 to ensure that the obtained results are sufficiently accurate. The equilateral triangle described by the above mapping function is illustrated in Fig. 2 = RF x / 2 b 2 , on the screw dislocation which is located on the positive x axis in the matrix. It is observed that the screw dislocation will be attracted to the triangular inhomogeneity ͑i.e. F x Ͻ 0͒ when the inhomogeneity is softer than the surrounding matrix ͑⌫Ͻ1͒ and the magnitude of the attractive force will be higher when ⌫ ͑⌫Ͻ1͒ becomes smaller and the dislocation is closer to the tip of the inhomogeneity. On the other hand, the triangular inhomogeneity will repel the screw dislocation ͑i.e. F x Ͼ 0͒ when the inhomogeneity is stiffer than the surrounding matrix ͑⌫Ͼ1͒ and the magnitude of the repulsive force will be higher when ⌫͑⌫ Ͼ 1͒ becomes larger and the dislocation is closer to the tip of the inhomogeneity.
6.2 A Square Inhomogeneity. Next, we address a screw dislocation interacting with a square inhomogeneity. The specific conformal mapping function is taken to be the following ͑see, for example, ͓13,14͔͒
The above mapping function is truncated at k = 50 and we take N = 200. The square described by the above mapping function is illustrated in Fig. 4 . The calculated coefficients ␤ k,n ͑k , n =1,2,3,¼ ,10͒ are given by Figure 5 demonstrates the normalized image force, F * = RF x / 2 b 2 , on the screw dislocation located on the positive x axis in the matrix. The phenomenon observed for the square inhomogeneity is identical to that for an equilateral triangular inhomogeneity.
6.3 A Five-Pointed Star-Shaped Inhomogeneity. Finally, we investigate a screw dislocation interacting with a five-pointed star-shaped inhomogeneity. The specific conformal mapping function is taken to be the following ͓13͔:
Notice that there is a misprint in Eq. ͑27͒ of Ref. ͓13͔. "2/n" should read "−2 / n." The above mapping function is truncated at p = 500 and we take N = 250. The five-pointed star described by the mapping function Eq. ͑22͒ is illustrated in Fig. 6 . The calculated coefficients ␤ k,n ͑k , n =1,2,3,¼ ,10͒ are given by The five-pointed star described by Eq. "22… Fig. 7 The normalized image force on a screw dislocation located on the negative x axis interacting with the five-pointed star-shaped inhomogeneity Figure 7 demonstrates the normalized image force, F * = RF x / 2 b 2 , on the screw dislocation located on the negative x axis in the matrix. By noting that the dislocation will be attracted to the inhomogeneity when F x Ͼ 0, and the dislocation will be repelled from the inhomogeneity when F x Ͻ 0, then the phenomenon observed here is similar to that observed for an equilateral triangular or a square inhomogeneity, respectively.
Conclusions
In this paper, we present the problem of a screw dislocation interacting with an arbitrary shaped elastic inhomogeneity. The key feature of this work is that the material properties of the inhomogeneity and the surrounding matrix are different. Through the introduction of a conformal mapping function, the region occupied by the matrix can be mapped to the outside of a unit circle in the -plane. In addition, the analytic function defined in the elastic inhomogeneity is expanded into a Faber series. Once the series form solution is obtained, the stress fields due to the screw dislocation can be obtained. Also the image force on the screw dislocation due to its interaction with the elastic inhomogeneity is derived. Several examples of practical importance are presented to demonstrate the feasibility of the obtained solution and to illustrate the influence of the stiffness of the elastic inhomogeneity on the mobility of the screw dislocation. The case where the screw dislocation lies in the arbitrary shaped elastic inhomogeneity can also be similarly addressed. As well, the obtained solution can be easily applied to investigate a matrix crack interacting with an arbitrary shaped elastic inhomogeneity.
